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On Lie's Theory of Continuous Groups. 

By B. W. Rettgee. 



An r-parameter group generated by the infinitesimal transformations 
-Zi, JTj, . . . . , Xr is continuous if each transformation of the group, without 
exception, belongs to a one-parameter group whose equations, at least in the 
neighborhood of the identical transformations, are 

r , r r 

1 ■ 1 1 

(i = 1, 2, . . . . , n) 

that is to say, if each transformation of the group can be generated by an infini- 
tesimal transformation of the group. 

In his " Oontinuerliche Gruppen," Lie demonstrated that every transforma- 
tion of the general projective group can be generated by an infinitesimal trans- 
formation of this group. Whence it follows that this group is continuous.* But 
Professor Study's important discovery f that not every transformation of the 
special linear homogeneous group can be generated by an infinitesimal transfor- 
mation of the special linear homogeneous group, shows that not every subgroup 
of the general projective group is continuous, as was apparently assumed by Lie. 

In this paper I shall term a transformation of an r-parameter group (r,. that 
cannot be generated by the repetition of an infinitesimal transformation of this 
group a singular transformation of the group (?,.. Study pointed out that the 
special linear homogeneous group in two variables contained singular transfor- 
mations. Subsequently Professor Taber established the existence of singular 
transformations in the group of orthogonal substitutions in n variables, for n>4, 
and also in the group of linear automorphic transformations of an alternate 

* Lie, " Oontinuerliche Gruppen," p. 45. t " Leipzige Beriohte," 1893. 
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bilinear form, and the group of linear automorphic transformations of a general 
bilinear form.* 

In what follows I shall investigate the two- and three-parameter subgroups 
of the general projective group in two variables, and of the general linear homo- 
geneous group in three variables, enumerated by Lie on pages 288 and 519 
respectively, of his " Oontinuerliche Gruppen;" and I propose to show that sin- 
gular transformations occur among the transformations of many of these sub- 
groups. 

Let Xi, X^, . . . . , Xr be the r infinitesimal transformations that generate a 
given r-parameter group (r,.. I shall denote by T^ the transformation defined by 
the equations 

r r r 

x'i = asi + ]^ a^ X^ Xi -f - — - 2' ^ <*^ «fc -^^ -^^ aji + . 

1 •'■••^11 

(i = 1 , .2 , n) 



and, therefore, generated by the infinitesimal transformation whose symbol is 

Oil Xi -f- • • • . "T- ^r Xf . 

Similarly, T^, and T^ will denote the transformations defined respectively by 



1 1 
(i = l, 2 ,n) 



and 



xi=Xi-[-^CjXjXi -f- — - ^^CjCj^XjX^Xi + 

1 11 

(i= 1, 2 , n) 

and, therefore, generated respectively by the infinitesimal transformations 

Oj Xi -|- .... -f- Or X,. , 

and Ci Xj -j- .... -{- c^X,.. 

Furthermore, T^ T^ will denote the composition of Ta and % in the order named, 

* Am. Journ. Math., vol. XVI, p. 130; Bui. N. Y. Math. Soc, July, 1894; Math. Ann., vol. XL VI, 
p. 561 ; Math. Review, vol. I, p. 154. 
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that is, the transformation resulting from the successive application to the mani- 
fold («!, ajg , x„) of the transformations T^ and Ti, in the order named.* 

In general, whatever be the values of the a's and b's, we can put 

where c,,=i\(ai. . . . a^ 61 ... . 6^) ; (2) 

that is to say, the composition of two transformations T^ and T,, generated 
respectively by the infinitesimal transformations aXi -{-....-{■ a^Xr, and 
61X1 + .... + 6rX,., results, in general, in a transformation, T^, which can also 
be generated by an infinitesimal transformation, viz. : 

Now, a transformation of G,. can often be generated by more than one infinitesi- 
mal transformation of G^' In tbis case, equations (2) give more than one set of 
values for the c's that correspond to the particular set of values assigned to the 
a's and b's ; that is to say, the c's are multivalued functions of the a's and b's. Let 
Tj, Ta be finite for aj = aj and bj = bj, (/ = 1, 2 .... r). It may be, for this 
system of values of the a's and b's, that — 

1st. Every branch of each function ^i . . . . Jl^ is finite and determinate ; 

2nd. One or more, but not all, of the branches of one (or more) of the functions 
/Ix . . . . /Ir is infinite or indeterminate ; 

3rd. Each branch of one (or more) of the functions /Ij .... /I,, is infinite or inde- 
terminate. 

Only in the last case do equations (2) fail to give us the parameters of an infini- 
tesimal transformation which will generate T^ T^. In this case, there is no 
infinitesimal transformation of G^ that will generate T^ Ta', that is to say, % T^ 
is a singular transformation. 

To ascertain whether Gr contains singular transformations, we have then 
(knowing T^i .... A,.) to ascertain whether one (or more) sets of values of the 
a's and b's will make each branch of one (or more) of the functions Xi , . . .\ 

*Lie denotes by T^Ta, the transformation resulting from the application to the manifold 
{Xx,Xi, . • . . ,Xn), first of the transformation Tt , and then of the transformation T» . 
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infinite or indeterminate. If no such system of values of the a's and b's can be 
found, G^ contains no singular transformation. If, on the other hand, one or 
more such systems of values of the a's and 6's can be found, then the group Gfr 
contains one or more singular transformations. 

To determine ;ii, Xg, . . . . , K; let the summation of the infinite series 
,. 1 '' '' 

(*■ = 1, 2 n) 

give Xi = ^i{xi . . . . Xn, li . . . . Ir); (i = 1, 2 , to) 

or, in the abbreviated notation, 

xi = ^t{x,l). {i=l,2, ,n) (3) 

Then T^ and Tj, are defined respectively by the equations 

xi = ^,{x,a) (i=i, 2 n) 

and 3.//-^^ (^,5)^ 

Eliminating x'l . . . . x^ from the last two systems of equations, we obtain, as a 
consequence of the fundamental property of a group, 

x'i' = 4>i(x, X (ab)). (* = 1, 2, ..... to) 

If the transformation defined by this system of equations is identical with the 
transformation Tc, this system of equations is equivalent to the system 

x'i' = ^i {x,c); {i=l, 2, to) 

and, from this identity, we derive the system of equations 

G^ = \ia,b). {h=l,2, r) (2) 

I shall apply the foregoing to several subgroups of the general projective 
group of the plane. 

r 

The subgroup, q, yq, xp* For this group ^ IjX^ =: liq + liyq + Igxp , 



• Lie employs « and a to denote respectively — and — ■ 

9x 9y 



64 Rettger : On Lie's Theory of Continuous Groups. 

and equations (1) become 

u^ =^ X -\- l^x -\- \l^x -{• . . . . = e'= a; , 

y = y + Z, + ?, 2/ + ii + li^ + . . . . = e'. 2/ + -|_ (e'» _ 1 ) . 

Consequently, T^. and % are defined respectively by the equations 

x' ■=.e'^' X, I 

y = e"' 2/ + -^ (e"' — 1). ( ^^^ 

and a;" = e*" a;', "j 

Eliminating x' and y between equations (A) and (B), we obtain, as the system 
of equations defining T^, Tg,, 

y" = e''' + '"y-\-Nj ^ ' 

where N denotes 



Moreover, Tc is defined by the system of equations 

a;" = e'« aj , 
yii =: e''^ y + -£l /"^e. _ 1 ^ r (^) 



t («•-')■( 



Therefore, if J|, ?'(,= T^, that is, if the system of equations (0) is equivalent to 
the system of equations (D), 

Consequently, equations (2) become 

Cg = ag + 63 + imni, 
Cj = ag + 62 + 2n7ti , 
_ iV(aa + ^2 + 2n7tt') , 



''l gaj + fta 1 



(E) 
where m and n are arbitrary integers or are equal to zero. 
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From equations (E), it follows that Cg and c^ are finite for all sets of finite 
values of the a's and Vs. Moreover, Cj is finite for finite values of the a's and 
6's, unless a^ + h^ is an even multiple, 2w', of ni . But in this case, if we put 
« = — n', we have G-y=:- N which is certainly finite. Therefore, Cj, Cg, and Cg can 
all be taken finite for finite values of the a's and Vs. Whence, it follows that 
this group does not contain singular transformations. We have here an illustra- 
tion of the 2nd case mentioned on page 62. 

r 

The subgroup, q, yg_-\-p. For this groups} l^ ^- = ?i 2 + h {y9. + P) 5 ^^^ 

equations (1) become 

a/ = a; + ?2 . 

y'z= e^'y + i-(e«>_l). 

Consequently, Tg, and T^ are defined respectively by 

as' = £c + ag, 1 

yl =^-y-\- ^{e"^— 1), f (^) 



and x"^a!-\-h^, 

2/' 



" = e»'2/' + ^(e»»— 1);{ 



and 7, 7; by 



a;" = 35 + aa + &2, 
?/" = e«» + *«2/+iV, 



(B) 



(C) 



where iV denotes e*' — {e"^ — 1) + -^ (e*' — 1). Moreover, T^ is defined by 

2/" = e«» 2/ + J^ (e«» —1) . r (^) 

Therefore, if 7^2;= 2;, 

Cg = aa + 62, 

-^ (e"' — 1) = iV. 
9 
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Consequently, equations (2) become 

02 = 02 + &3, 1 



Ci = 



From the first of equations (E), it follows that c^ is finite for all finite values 
of the a's and 6's. If Og +&3 = 0, it follows from the last of these equations 
thatci, which in this case equals N, is finite; but if 03 + 63= Imni for some 
integer m =f= , Ci is infinite, provided N4^ 0. Now, we can so choose the a's 
and 6's that a^-\-h^=-2m7ii-4=.Q , and at the same time that N4=0. For let 
«2 + ^2 = 277?7t* ^ , then 

By properly choosing the a's and 6's, subject to the negative condition that 

—^^ -J— and that a^ is not an integer-multiple of 2ni, N may be taken arbi- 
ag 62 

trarily. We may, therefore, assume N^f^O. We thus obtain a transformation 
Ti, Ta of our group, 

x' ■=■ X -\- 2mni (m an integer :4^ 0) 

y" = y-\-N, (N^O) 

which cannot be generated by an infinitesimal transformation of our group. Con- 
sequently, the given group contains singular transformations. 

I shall now develop a few theorems, more or less evident, that will be made 
use of in this paper. Let the two transformations T^ and T^ of G^, generated 

r r 

respectively by ^s a^ X^ and ^b^Xg, be applied successively to the manifold 

1 1 

(a-i . . . . x„) . We have then the simultaneous systems of equations 

i= Xf + '^tts X, Xi + is (2 <^s^jXi+ (4) 



1 ^1 

(* = 1, 2, . . . . , n) 



and 



i' = xi+^b, X^xi + i (26, xA'xi + ...., (5) 

(i = 1, 2, . . . . , «) 
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where JT/ denotes the result of substituting in X, the a;"s for the as's, and 
(^agXgjXi, etc., denote respectively^ «s -^< ( 2 <^s -^s ^<) > Gtc. 

On eliminating x^, xi ,...., x'^ from the systems of equations (4) and (5), 
we obtain the equations * 

r r 

^ 1 1 ^ 

+ TP2 r(2««^^0 + 2^b,X,.^a,X, + C^h^^y] ^i+-"-, (6) 
^1 1 1 ^1 

(i= 1, 2, . . . . , n) 
which define the transformation T^ 71 . 

r r 

Let now the infinitesimal transformations ^ a^ X, and ^ &, X^ be commu- 

1 1 

r r 

tative; that is, let fyia.Xg, ^bsXsj = 0; or, what is the same thing, let 
'2asX,.^h,X,=^b,X,.'^a,X,. Then (yia^X,)' + 2^hX,.'2a, X, 

+ (^h,X,y= (^a,X,)\'^a,X,.'^^,X,+^hX,.^a,X,+ (^\X,y 

= f'^a.X, +2^*^0 • (^Os^s+^hX,) = (^a,X, + ^hX,y 
^ 1 1 ^ 1 1 "^1 1 

= (2 «H^ Xs)'. Similarly, (^ «s ^,) + 3 (g b, Z,) . (j] a, xj 

+ s(^'^b,x,)\^a,x, +(^2^»^«)=(S«'^«+2*^-^0'=(2«^^'^.y' 

etc. Consequently, if T^^^s-^s' 2^«-^V ~ ^' ^^''i^^io^^ (^) ™^y ^^ written 

1 1 

r I r S 1 / '■ \^ 

x'/ = a;«+ 2 «s + SsXs aji + 172(2 «8+^s^s) ^' + 1.2.3 (2 ^* + ^*^V ^''^" " " * ' 
1 ^1 1 

{i= 1, 2, . . . . , n) 

*lJie, " Continuerliche Gruppen," p. 437. 
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and hence, in this case, Tf,T^=^TaT^.* If, moreover, 717'a= %, where l/\s. 
defined by 

^ 1 /^ \2 1 /^ \3 

Xi' = Xi+2!i Cs Xs a3j + ^ ^{2nc,XAxi+ J _ 2.3(2^ •^8^0^*+ . . . . ; 
1 1 ' ■ ^ 1 ^ 

(i = 1, 2, . . . . , w) 

we may put Cj = ai:+ 6^ for & = 1, 2, .... , r; and, therefore, the c's are finite 
for finite values of the as and 6's. We have thus the following theorem : 

r r 

Theorem I. — If the two mfinitesimal transformations 7^ a^ Xs <^^^ /^ b» ^s 

1 1 

which generate respectively the finite transformations Ta and T^ of Or are commu- 

r r 

tative, or what is the same thing, if (2\^s-^st ^\^s-^s) = 0, then the transfor- 
mation T^ T^ resulting from their composition is equivalent to a non-singular trans- 

r 

formation T^ generated hy the infinitesimal transformation 7s c^ X^ , where 

1 
Ck = a^ + h. (A; = 1, 2 , n) 

If, now, {Xj, Xfe) = for y, A;= 1, 2, . . . . , r, then for every system of 

values of the «'s and J's f^ a^Xg, ^ h^sj = 0, and, therefore, by theorem I, 

21 Ta (which is now equivalent to T„ Tj for every system of values of the a's and 
h's) is non-singular. Conversely, if T„ Ta = Ta T^ for every system of values of 
the a's and Vs, then (X^, X„) = for y, fc = 1, 2, . . . . , r ; and, consequently, 
Ti, Ta is non-singular. Whence we derive — 

Theorem II. — If the transformations of O^ are all commutative, or, what is the 
same thing, if {X^, Xj.) = for j ,h-=.\ ,%,...., r, no transformation of G^ is 
singular. 

As a particular case, we have, since the transformations of a one-parameter 
group Gi are commutative, a one-parameter group, Gi, contains no singular trans- 
formations.f 

*Lie, " Continuerliche Gruppen," p. 437. 

tThat is to say, the composition of transformations generated by the same infinitesimal transfor- 
mation can always be generated by this infinitesimal transformation. 
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Groups whose transformations are commutative need not, therefore, be con- 
sidered in our investigation. 

Let us next assume that the symbols of infinitesimal transformations of our 
group are not in general commutative, but that {Xj, X^) = for ^= 1, 2, . . . , r. 

r 

We shall then have T-Z,-, >s ag Xg j = for every system of values of the a's ; 

and, consequently, by theorem I, each transformation generated by Xj will be 
commutative with every transformation of our group. 

Let, now, /SI denote a finite transformation generated by X^, that is, let S^ 
be defined by the equations 

x[=^Xi-\- aj Xj «* + j-^ (% ^if ^'- + -^ 2.3 ^"^' ^'^^ ^''^ 

(i = l, 2, . . . . , n) . 

Further, let Jl, and F,, denote two finite transformations generated respectively 
by the infinitesimal transformations 

and biXi-{- .... h^-i -X,_i + bj+i -^j+i +.•••+ hr-^r- 

If, now, Ta denotes the transformation generated by a^Xi +••••«,- iX,-i 
+ ttjX^ + a^+iXj+i + . . . . UrXr, then, by theorem I, 

Similarly, T, = ^», Z = Ti 8,,. 

Moreover, % T, = S,^ S,, Tl K = ^«, +., n Z ■ 

Furthermore, from theorem I, it follows that if T/ Ti is non-singular, S^j + b,- To, T'a, 
is non-singular. For /S'a,. + „^ is generated by the infinitesimal transformation 
(oj -f 6j) Xj , and is, therefore, commutative with every transformation of our 
group. If, then, Tl T^ is generated by the infinitesimal transformation 

c^PXi+ +cn + +c«X, K,+bj Tl Z, by theorem I is generated by 

the infinitesimal transformation cf^ Xj -f . . . . (cf' ■\- a j -{-h^) X^ -{-.... + cS?^X,.. 
Consequently, in order that % T^ shall be singular, T^ Tl must be singular, but 
Tl Tl is independent of a,- and h^. Whence we obtain 
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r r 

Theorem III. — If T^, and T^,^ generated respectively hy ^^a^X^ and /s^ hg Xg , 

1 1 

are two transformations of the group Xy, . ... Xj, .... Xy, and if Xj is commu- 
tative with each symbol of infinitesimal transformation, that is, if (Xj, Jfj.) = 0, 
(A; = 1, 2, . . . . , r), then the singularity of the transformation T,, T^ is independent 
of the particular values assigned to aj and hj . 

We may, therefore, let a^ = 6^. = without affecting our results. 

I find it convenient to employ the following notation in dealing with linear 
homogeneous groups. The transformation defined by the system of equations 

Xi ^^^ a^ Xi -}- (3Si3 ajg -r . . . . ~r ai^ x^ 
(* = 1, 2, . . . . , w) 

may be denoted by T^. The identical transformation defined by 

a3j = cCj , (i = 1 , 2, . . . . to) 

may be denoted by I. We have /T'= TI. Further, the transformation defined 

by x[=. 0Xi, (* = 1, 2, . . . . , «) 

where is independent of the x's, may be denoted by cil, or simply by a ; and 
the composition of Tand a, defined by the equations 

X^ ^^ C (^(Xji ajj -f- OSjg X2 -p • • • » fl^in Xji) I 

(»'= 1, 2, . . . . , n) 

may be denoted by gT. We evidently have 

aT— Ta. 

There exists a well-known relation between the general projective group of 
the plane {x, y) and the general linear homogeneous group in three variables, 
Xi, Xi, Xs* The nature of this relation is made evident if we consider xi, x^, Xg 
as homogeneous coordinates of the plane. Then the transformation T of the 
general linear homogeneous group determines a corresponding projective trans- 
formation T of the plane. To show this, let The defined by the three equations 

xi = a^i Xi + ai8 X2 -f ai3 Xg , ^ 

Xi = aziXi + a2zX2 + a^^Xg,)- (A) 

X3 = agiXi + ttszX^ + agaXs-J 

*Lie, " Continuerliche Gruppen." p. 500. 
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If, now, xi, xl, jcg and ajj, x^, x^ be considered as homogeneous coordinates, these 
equations are equivalent to the two following equations in Cartesian coordinates : 

«3ia; + «3a2/ + «33' ^ 

which define a projective transformation T of the plane (as, y). In the determi- 
nation of this projective transformation T) we are concerned only with the ratios 
of the a's in the equations defining T. Consequently, the transformations T and 
aT of the general linear homogeneous group, for every value of a other than 
zero, correspond to the same projective transformation T of the plane. In other 
words :* To every transformation T of the general projective group in two vari- 
ables {x, y) is associated co^ transformations aT oi the general linear homoge- 
neous group in three variables {xi, x^, Xg) ; and, conversely, to 00^ transforma- 
tions aTof the general linear homogeneous group in three variables is associated 
a single transformation T of the general projective group in two variables. 

Further, to every subgroup r^ of the general projective group in two vari- 
ables is associated two or more subgroups (r^, Ql . . . . of the general linear 
homogeneous group in three variables, while to every subgroup Or of the gen- 
eral linear homogeneous group in three variables is associated but one subgroup 
r, of the general projective group in two variables. If the subgroup G^ of the 
general linear homogeneous group does not contain singular transformations, the 
corresponding subgroup F^ of the general projective group cannot contain singu- 
lar transformations. On the other hand, if G^ contains a singular transformation 
T, it does not necessarily follow that the corresponding transformation T of P^ is 
singular. For T is associated with oo^ transformations csT; and, although T 
may be a singular transformation of Gr, gT, which is a transformation of at 
least one of the subgroups Gl . . . . associated with T, , may, for some value of a , 
be non-singular : in which case T is also non-singular. If, however, it is impos- 
sible to find a value of c for which cT is a non-singular transformation of one of 
the groups (r,. , Gi. . . . . , associated with Tr , the transformation T is a singular 
transformation of T,, and, consequently, this group contains singular transfor- 
mations. 

*Lie, " Continuerliohe Gruppen," p. 501. 
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Let equations (A) (page 70), define the transformations of the subgroup G^ 
of the general linear homogeneous group. Then equations (B) will define the 
transformations of the subgroup F^ of the general projective group. If, now, Gy 
contains a singular transformation T, in order to determine whether T contains 
singular transformations, we may ascertain directly whether the transformation 
T, corresponding to T, is a singular transformation of P^. This method often 
seems preferable, and, in general at least, presents no difficulty. 

Let Gr denote a subgroup of the general linear homogeneous group in n 
variables. The infinitesimal transformations Xj, .... ^^ .... X^ of (r,. satisfy 
relations of the form* 

r 

(Xi, Xj,) =2 CtoX„ {i, k=l, 2 ,r) 

1 

with constant coefficients c^s. Now, it often happens that the coefficients of one 
(or more) of the X's, say Xj , is zero in each of these parenthesis-expressions, i. e., 

Cm= 0. {i, h=l, 2, ... . ,r) 

In other words, X,- may not occur in any of the parenthesis-expressions for the 
X's taken in pairs. 

Let us assume that Cf^j = for i, Je=:l, 2 , r . Then 

where Fj = Xi, (^#=i) 

Y, = Xj+U 

( Z7 denoting the perspective transformation jci ^ -f- jcg ^— -f- . . . . H-a;„^ — j are 

infinitesimal transformations of a subgroup Q[ of the general linear homogeneous 
group in. n variables ;* and, if 

(F„ F,) = 2cLF, 

we have Gi^^=Giia. Therefore, if Ta, T^, T^ are three transformations of Gr gene- 
rated respectively by 

(t-y JLi -f- dg Xg "T" .... -j- Cly Xy , 

&1 Xi -f Sg Xg + . . . . -j- S,. X,. , 

Ci Xl + Cg Xg + . . . . -\- GyXf, 

*Lie, " Oontinueiiiehe Gruppen," p. 891. 
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and such that T^ 7'„= T^, the three transformations ^, Tl, Tj. oi G[ generated 
respectively by 

(*! -t 1 ~r ttg -f 2 H" • • • • T Ctf Jf^r ) 

6iFi+&ar2 + .... -^rlrYr. 
Ci 1^1 + Ca Fg + ....+ c^ Yr, 

will satisfy the relation Tl Tl = Tl, and conversely. Now, the six transforma- 
tions Ta, Ti, etc., belong to the general linear homogeneous group. Moreover, 
U is an infinitesimal transformation of the general linear homogeneous group. 
Therefore, by theorem I, Ti may be considered as the resultant of the composi- 
tion of Ta and a transformation generated by a^ U. In the notation adopted, 
the latter is represented by e"'', since it is defined by the equations 

x'i =: Xi-\- ajUxi -f . . . . =€^^Xi. 
Ct = 1, 2, ..... to) 

Consequently, Ti = e"^ T^. 

Similarly, Tt' = e^'Tb, 

Tl = ef"Z. 

Therefore, e" T,— T, = Ti Ti = e"' e*' 7^ T^ = e"^ + *'• % . 

Whence it follows that 

e"'' = e"' "*" *"' • 
and so we may put Cj = a,- -|- hj . 

We thus obtain the following theorem, which, on account of the close rela- 
tion existing between the general linear homogeneous group in n variables and 
the general projective group in n — 1 variables, applies also to the general 
projective group in (n — 1) variables : 

r r 

Theoeem IV.— ii^ Ta, Ti, and T^, generated respectively hy^a.X,, ^ ^s X , 

1 1 

r 

and yi Cs Z,, and connected hy the relation Ti Ta= T^, are three transformations of 

1 
the group X^ Xj, . . . . X^; and if moreover , in the parenthesis-expressions 

r 

{Xi, Xs) = 2 CifeXg, (i,h=:l, 2, , r) 

10 
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the coefficients of X^ are zero, that is, if 

Cikj = 0, {i,h=l, 2, r) 

we may then put Cj = % + b^ . 

In the case of the linear homogeneous groups, the process of finding the 
equations of the finite transformations of a given group, Xj , ... , X^, can often be 
very greatly simplified. For let ^be a transformation of (?,. generated by theinfini- 

)• r 

tesimal transformation "Sll^X,. To the symbol ^ ^s -^s add and subtract the 

1 1 

same multiple of U, where U denotes the perspective transformation, 

d , , d 

Then, after rearranging and simplifying the terms, le 

r 

^l,X, = X+sU, 
1 

^^ r 

where X is the symbol of an infinitesimal transformation, namely, ^1 l^X^ — sU. 

Whether X is a transformation of the group G^. is immaterial ; it is sufficient that 
X is an infinitesimal transformation of the general linear homogeneous group, of 
which Gr is a subgroup. Since 

(X, eJ7) = 0, 

we may, by theorem I, consider T as the resultant of the two commutative 
transformations generated respectively by X and e U. According to our nota- 
tion, the transformation generated by e?7 may be represented by e", since it is 
defined by the system of equations 

x[ = e'Xi. (*' = 1, 2, n) 

Consequently, if S be the transformation generated by X, the transformation T 
is identical with the transformation e'lS, or 

T= e'iS. 

In other words, if we know the system of equations defining S, we multiply the 
right-hand members of these equations by the quantity e' in order to obtain the 
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system of equations that define the transformation T. By a proper choice of 
s, X often takes such a form that it is much simpler first to find the transforma- 
tion S than to obtain the transformation T directly. For example, suppose we 
wish to find the finite transformations generated by the infinitesimal- transfor- 
mations of the two-parameter group, xq, xp-\- ayq. Here 

r 

^\X, = \xq + 'k{xp-\- ayq)-=i\xq + ls(a — l)yq + I^ JJ; 

and we have X= ?i ccg' -f 4 (« — ^)yQ> ^'^^ eU'^\U.. The transformation S 
generated by X is defined by the infinite series 

a/ = a; -|- \l-^xq -{■ l^{a — 1) yq\ x -*- . . . . ; 

y' = y-\- \Jixq + 4(a — 1)2/?] «/ + — > 

and can readily be summed. The transformation S multiplied by e'» gives us the 
required transformation T. The transformation T, considered as generated by 
?i xq + lz{xp -f ayq) , is defined by the infinite series 

aoi = 83 -f- Ihscq+lz {xp + ayq)} x+ , 

2/1 = 2/ + Uixq + l^{xp + ayq)} y -{- 

These series are, however, more difiicult to sum than the series defining S. 

At the end of this paper, a list is given of those two- and three-parameter 
subgroups of the general projective group in two variables, and of the general 
linear homogeneous group in three variables, that contain singular transforma- 
tions, and are, therefore, not properly continuous. They are included among 
the subgroups of the general projective group and of the general linear homoge- 
neous group enumerated by Lie on pages 288 and 519 respectively of his "Con- 
tinuerliche Gruppen." The following groups have been selected from this list. 

Example 1. The subgroup, xq, xp ->(- ayq{a^O, I). For this group 

2 7s Xg = X -j- e TJ= lixq-\- \{a — i)yq-\- \ U, and equations (3) becomes 
1 

x' = e^^x, 

yi = /i^'\ (e'^f-v— !)« + e'^-y. 
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Consequently, Ta and T,, are defined respectively by the equations 

scf = e''''x, \ 

and a/' = e*» a;', "j 

y/ = _^^(e».(«-i)_l)a;'+e^«»2/'.[ ^ ^ 

Eliminating a/ and ^ between equations (A) and (B), we obtain, as the system 
of equations defining Tj, Ta, 



X —e X, \ .^s 



where N denotes 



i_ 1^' (e^C"-!)— 1)6"^ + f5l^'(ea,(«-l) _ i)e»,« |. 



a — 1 I Og Og 

Moreover, 7'„ is defined by the system of equations 

y' = ^i'^" (e^^Co-i) — 1) a; + e«««2/ 
Wherefore, if 717;= ?;, 



// Cl^"' ('^C2(a-l) __ l\^_l_^C5a^, r \^) 



01 

_fi£^_(e<'.(<'-i)_i) = iyr. 
CzCa — 1)' 

From the first two of these equations, we obtain 

Ca = «2 + ^a + 2n7t*, 
Cga = {a^ + ^2) a + 2n'ni, 

where n and n' are integers. Whence we have as a condition to which the inte- 
gers n and w' are subject, 

nch = n'. 
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If a is irrational, this relation is possible only if both n and n' are zero. In 
this case equations (2) become 

C2 = «2 + &2, 1 

, _ {a, + h){a-l)N \ (B) 

Whence it follows that e^ is finite for every set of finite values of the a's and 6's ; 
but if a^ + &2 = JUliaaL (m, being an integer :p 0), Ci will be infinite, provided the 

a's and 6's are so chosen that N=l= 0. 

Therefore, if a is irrational, the transformation Ti, T^ is singular, provided 
the a's and 6's are so chosen that N:^ and that a^ + b^ shall be an even mul- 

tiple of Ttt other than zero. Substituting ——- in (C) for a^ + h^, we have, as the 

equations of definition of the singular transformation T^ T^ , 



a;" = c-^a;, 



Smairi 



[N'^ 0, m an integer :^ 0) 
y" = Nx + e°^^y. 

Let a be rational. In this case n is subject only to the condition that wa 

shall be an integer ; and, if we put a = ii , where ^ and v are two integers 

relatively prime, n = Ar, where A is an arbitrary integer. We now have 
Cg (a — 1) = (a^ + ^2 + 2/^7t^)(a — 1) 

= («a + &2) ^^-^ + 2;i (^ — 1-) Tti . 

V 

And, therefore, equations (2) become 

^a = «3 + ^2 + 2Xr7ti , 

[ K + ^) ^^ + 2;i (/t — v)ni\ N 



c, = 



2mi'7t« 



As before, c^ is finite for finite values of the a's and Vs. But, if ag + &2 = 

{m an integer), Cj is infinite, provided N4^ 0, unless we can so choose % that 

^{^ — v) + m — 0; 
in which case c^ = JV. 
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Consequently, if a is rational and equal to -^ , where u and v are two inte- 

V 

gers relatively prime, the transformation Tt, T^ defined by the equations 

x' = e*^-" cc, 

y' = Nx-{-e''-''y, {N^Q) 

is singular, unless m contains ft — v, in which case T^ T^ is non-singular. 

Let a be rational and equal to -^ ; and let the a's and Vs. be so chosen that 

V 

Tt, Ta is singular. Apply the transformation T^ T^ successively \^ — v\ times to 
the manifold {x, y). The resulting transformation is defined by the equations 

a;' = 03, 

y' = N'x 4- y, 

where, denoting e**-" and e*^"- respectively by p and a, N' =^N{i^''~''~'^-\-f-'~^c! 
+ ....+ pff""""^ + (T'''~''~i). This transformation is, however, non-singular, 
and can be generated by the infinitesimal transformation N'q-\- Q{x'p -^-ayq), 
as may be seen on substituting in equation (D) c^ = N' and c^ = . Thus, 
although T^ T^ may be- singular, if a is rational, some power of T„ T^ is non-sin- 
gular.* The significance of this fact will appear later. 

Example 2. xq, xp + q. 

The transformation, T, is defined by the equations 

x!=:ef''x, 1 

And, if Ti T„= T„, we have also 

03' = 6"^ + "^03, I 

y' = Nx + y + {a, + h,),] (^) 

where iV is a function of the a's and 6's and may be taken arbitrarily. 

*Cf. study, Leipzige Berichte, 1892. Taber, Proc. Lond. Math. Soc, vol. XXVI; Math. Ann., vol, 
XL VI ; Bui. N. Y. Math. Soc, July, 1894. 
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Equations (B) may be obtained either in a manner similar to that in which 
equations (C) in example 1 were obtained, or they may be obtained immedi- 
ately by means of theorem IV. We have (ccg, ccp + §')= — xq\ and, conse- 
quently, if Tj)Ta'= T^, we may put g^=z a^-\-h^. We may assume, therefore, 
that Tft T„, is defined by equations (B) where iV is a function of the a's and 6's, 
and may be taken arbitrarily. In most cases I found the latter method pref- 
erable. 

Comparing the two sets of equations (A) and (B), we obtain 

Cj ^^ 0^2 ~r ^3 ) 

_ N{a^ -f h) 

From these it follows that every branch of Cj is infinite for a^ + ^2 = "imni 
(m being an integer =f: 0), provided the a's and b's are so chosen that N=f=0. 
Consequently, the given group contains singular transformations. 

Example 3. »'3i>2» ^iPi^ ^sPi + ^iP^ + aU. 

r 

Here "^l^ X,=: X -\- s U= ?a aig j>a -|- 4 Xip^ + 4 (o^si'i + ^aPs) + 4 «■ ^i and the 

1 
transformation T„ is defined by the equations 

J _ c%^ (gC3 _ 1) a;^ 4. e«3 (« + 1) cc^ + e«3 a /'^iJlf? (^c^ — l) — cAxg, 

Co \ Co / 



Xo 



a;^ = e''»"a;3. 



If Tj = T^Ta^ T^ is defined also by the equations 

x[ = e'"' + "=' " a;i + (a^ + Sg) e"" + *'' " 0:3 , 



jg/_g{a3 + !'3)<«£Cg^ 



where ilf and iV are functions of the a's and 6's and may be taken arbitrarily. 
Wherefore, 

gCa a __ ^(03 + 63) a. 

C3 =: ag -}- O3 , 



^Cja ^2 



e«s« _£l (e«3_i) + ^^ (e»3 — 1) — Cgc"'" = M. 
C3 C3 ^ 
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Whence, C3 = 03 4- &3. 

Njas + &3) 



^1 "" e««s + »3)«(e'»3+i'3 _ i\ v^3 "+■ 03J. 

From these equations it follows that every branch of both Cg and c^ is infinite if 
ttg + &j = 2mni (to being an integer =f: 0), provided N^O. Moreover, Cj is then 
infinite of an order higher than c^ ; and if iV=0, Cj is infinite, provided 

Consequently, the given group contains singular transformations. The group 
associated with this group, namely, q, xq, p-\-yq, likewise contains singular 
transformations. 

Example 4.— The subgroup, x^Pi, x^p^, axipi+ ^XzP2+ ^x^pj. The trans- 
formation To is defined by the equations 

xi = e-'^'^x, + -p^^, {e"'-'' -l)xs, 
^3 (p^ — ^) 

x', = e'^^x, + 3^^^ {e'-''-'' - 1) a^s, 

If T, = T„ 7;, % is also defined by 

x[ — 4"-^"^^^ Xi-V Nx^, 

Wherefore, e""" = e'"' +''^' ", 

«ie (e«3«'-*)_i) = iJf, 



Cg (a — S-) 



C3(|8-^) 

From the first three of these equations, we obtain 

Cg a = (ttj + Sg) a + 2m7tt 
C3/3=(a3 + 63)13+ 2n'7ti 
C3^=(a3 + 63)^+ 2w"7ti 
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where n, n' and n" are integers. Since these equations are simultaneous, we have 
the relations 

n n' *^" = 

For certain values ofa,l3 and 3- (e. g., if a is rational, /? and 3- irrational), 
these relations are possible only if n, n! and n", and therefore p are zero. With 
the foregoing meaning assigned to p, equations (2) become 

_ {^~-^)N(as + h + 2(>ni) 
c = (« — S') if («3 + &3 + 2pni) 

From these equations it follows that every branch of Cg is infinite if 
as + &3= oz. ' ^ (provided N4^ O), unless p -f ^ ^ = 0, in which case Cg is 

finite. But if p = — .j ^ ,■ ^ „ , ^^ '^^^ , and -^ ^ are all integers. Con- 

sequently, if aj + 63 = ^_^ , and it, moreover, ^_ , ^^£^ and g7:£^ are 

not all integers, every branch of Cg is infinite (provided iVqjfc 0), and the corres- 
ponding transformation is singular. Similarly, every branch of Cj is infinite if 

, 7 2m7ii , -J. ma m3 , m$ j. ■^^ • l 

«3 + Os = Q . and it, moreover, =- , — !^ , and — ^ , are not all mte- 

a — S< a — ^ a — S- a — 3- 

gers and M'4= 0. 

Example 5. — The special linear homogeneous group 

XiPi, X1P1 — X2P2, X2P1, 

The transformation Tc is defined by the equations 

^' = [^' + 1 (^^')] - + 1 (^^) - 
^i=|-(^)- + [^'-l(^')]- 



a;3 = a;s, 



where d = Vc| + Ci Cj . 
11 
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Let Ti Ta be defined by the equations 

Xi = Q/yi Xi + 0!i3 3/2 ) 
X2 -— 0^21 Xi -p 0^22 ajg , 






= 1, 



^^3 — ""s • 



Then, if n^«= Z, 



e^ + e-^ = Uii + a^i, 



IT 






) = 2a2i , 



where 
and 



(^—f-) = 2a,,, 



<*ii <*a8 <*i2 ^21 — 1 



C?= VclH- CjCg. 



(A) 
(B) 

(C) 

(B) 
(F) 



By means of equations (B), (C) and (D), we obtain the equation 



^ — J = («u — «22)^ + 4a2i ai2 , 



whence 



or 



(e''-e-^Y={a,, + a^f-4., 



(by(E 



^d _ e-<* = ± V(a„ + a^ij)* — 4 . 



Adding (A) and (G), 



gd — «ii + «22 ^ ^^Ki + (^jiY — 4 



Taking the logarithms of both sides, 



d = Iog«ll + «22±^^K + «22)^-4^ 2;bti, 



(H) 



where h is an integer. 

Since ail ^^^ <^Z2 are functions of the a's and 6's, c? is a multivalued function 
of the a's and 6's. 
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Moreover, from equations (B), (C) and (D) we obtain 

„ ^11 <*22 J 



_ 2ai2 



C?, 



e" — e 
where d is defined by (H) . 

From (H), it follows that d— 2kni, if a^ -f a22= 2. But if c?= 2^7ti, Cj 
will be infinite (provided otgi =^ 0), unless we put ^ = 0, in which case Ci = a^i, 
and, then, at least one branch of Cj is finite. Similarly, at least one branch of c^ 
and C3 respectively is finite. Consequently, if an + 033= 2, the transformation 
T^ Ta is non-singular. 

On the other hand, if a^ + agg + 2 = , d={1h-\- I) ni. But in this case, 
Ci will be infinite for any integer h, provided ci^i^O:, and consequently, if ajj =f: , 
every branch of c^ will be infinite. Similarly, every branch of c^ will be infinite, 
provided an ^ a^g ; and every branch of C3 will be infinite, provided aj^ :#: 0. 

Let an + «a2 = — 2 . Squaring, 

«ji + «l2 + 2aii a22 = 4 . 
From (E), 4aii a^^ = 4 + 4aia a^i . 

Subtracting, (ay — aj^)^ = — 4ai3 a^^ . 

If, therefore, ajg or a^i is zero, an = a^^, and Cg will not be infinite. Conse- 
quently, if an + ciaa + 2 = , and if, moreover, ajg and a^i are not hoth zero, the 
transformation % T^ is singular. 

We know that a pointy of general position in the space (cci . . . . x^) will 
describe a continuous curve under the successive application of the infinitesimal 
transformation that generates a given transformation T. This continuous curve 
is called the path-curve of the point p with respect to, or associated with, the infini- 
tesimal transformation in question, and is invariant with respect to this infinitesi- 
mal transformation, and, therefore, invariant with respect to the transforma- 
tion T. It is obvious that there are 00 ""^ path-curves associated with any 
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infinitesimal transformation that generates T {or oo "~^, if the space (xi . . . . «•„) 
is {n — l)-way extended).* 

Let Xi, Xj, . . . . , X- be the infinitesimal transformations of the group Crr- 
Let T' be a transformation of this group, and 



/■', Cj Xj- — 2^ ^8 (a*! .... a;„ , C] .... c^) 



_d_ 

9x« 



be the infinitesimal transformation that generates T. The path-curve of the 
point p with respect to this infinitesimal transformation may be termed the path- 
curve of the point p associated with the transformation T. The invariant curves, or 
path-curves, associated with T are given, therefore, by the system of simulta- 
neous differential equations, f 

dxx dx^ dx„ 



^\{x, c) ^2 (a;, c) ** * L{x,c)' 

Let the (n — 1) independent integrals be 

4>i (aji . . . . a3„, Ci . . . . c,) = ^1, 

*2 \p^l . • . • 2?n t Cj . . . . C^j = xtg , 
4*n — 1 \^l • • . . a!„ , Cj . . . . Cf) = -^n — 1 ■ 



(A) 



(B) 



The equations (B), by giving all possible values to the constants of integra- 
tion, Ki . . . . Kn-i, define the oo"~^ of invariant curves, or path-curves asso- 
ciated with T. But when T is singular, no infinitesimal transformation of the 
group to which T belongs will generate T, and, therefore, there is no path-curve 
associated with T.X Nevertheless, there are always, even in this case, curves 
invariant to T. 

If we let Cj . . . . Cr take all possible sets of values, equations (B) define the 
path-curves or invariant curves associated with the transformations of the given 
group Gr- In the case of a singular transformation, one (or more) of the 
parameters, say c,-, is infinite. Suppose ^i=. Ki contains the parameter c^, then 
if Cj is put infinite in this equation, certain of the terras in ^i may be infinite. 

*Lie, " Differential Gleichungen," p. 800. tLie, Ibid., p. 801. 

% That is, DO one of the path-curves generated by inflnitesimal transformations of Or is associated 
with T. 
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If the highest order of infinity of the terms thus rendered infinite is q, we may 
choose Ki infinite also of the q*'^ order. If, then, we divide through by a quan- 
tity infinite of the q*^ order, the terms finite, or infinite, of an order lower than 
the q*'^, will disappear. Proceeding similarly with the other equations, we obtain 
equations defining the curves invariant to those singular transforrriations of the 
given group for which c,- = oo . If the equations (B) are all algebraic, that is, if 
all the path-curves or invariant curves associated with the infinitesimal trans- 
formations of Gr are algebraic, each of the curves invariant to a singular trans- 
formation T, in such cases as I have examined, break up into a finite system of 
lines (real or imaginary) ; and the application of the singular transformation T 
to a point p on one of these lines (not itself invariant) will convey p from the 
line in question to another of the same system. Moreover, the transformation 
repeated a certain number of times will convey the given point p back to the 
original line. Here we have a geometrical reason why some power of a singular 
transformation may often be non-singular ; namely, some power of a singular 
transformation ^ applied to a pointy on one of the lines of the system invariant, 
as a whole, to T, may move the given point along that line, which transforma- 
tion may be effected by the repetition of an infinitesimal transformation of (?,.. 

On the other hand, if the path-curves, or invariant curves (or at least some of 
them), are transcendental, it often happens that each of the curves invariant to a 
singular transformation consists of an infinite number of lines; and the applica- 
tion of the singular transformation to a point p on one of these lines (not itself 
invariant) will convey p from that line to another line of the system ; but, 
repeated any number of times, it will not, as in the preceding case, convey p 
back to the original line. In some cases each curve invariant to a singular 
transformation may even reduce to a single line. 

I shall investigate the invariant curves of the first three groups considered 
above. 

Example 1. — The invariant curves (path-curves) associated with the trans- 
formations of the group xq, xp ■{■ ayq are given by the differential equation 

dx> _ dy ^ ,^. 

c^x CiX -{■ c^ay ' ^ ' 

Integrating, and denoting the constant of integration by K, we obtain the 
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equation 

x°=-|-x+^(a-l)2/, (B) 

which, by giving proper values to Cj and c^, defines the curves invariant to the 
transformation T of the given group. If, now, T is singular, then Ci is infinite 
(see p, 76 et seq.) ; but since K is an arbitrary constant, we may choose K so 

that ^ = C, where G is finite, in which case — is zero. The equation (B) thus 

becomes 

x'^=Gx, (C) 

which represents a system of lines invariant as a whole to 2".* The application 
of the singular transformation 7' to a point p of general portion on one of these 
lines (not itself invariant to T) will convey p from that line to another line of 
the system. For example (see p. 78), let »n = 1 and a = 3 . Then the singular 
transformation jTis defined by 

a/ := — X, 

and the equation of the invariant curves reduces to 

a;3= Gx, 
which breaks up into 

a;:=+(7, jc = — G, 

and the special invariant as = . 

Moreover, the application of T to a point p of general position on the line 
a; = + <7 will convey that point to the line a = — G. Applied again, it will 
reconvey the point p to the line ar = + (7. The second power of T, therefore, 
moves the point p along the line x^= -\- G; and this transformation may be 
effected continuously by the repetition of an infinitesimal transformation of our 
group ; that is to say, T^ is non-singular. 

* Each of the lines of this system is separately invariant to an infinitesimal transformation of Qr \ 
namely, that for which c^r:!, e, =0. For the path-curves of this infinitesimal transformation are 
defined by the equation x = constant. 
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Example 2. — The invariant curves of the group xq, xp + q are given by the 
differential equation 

dx dy , K^ 

G^X CyX -\- C^' 

Integrating, and denoting the constant of integration by K, we obtain 

Ciy=^CiX-\-Gi\ogx + K. (B) 

For a singular transformation, Cj is infinite (see p. 79). Choosing K prop- 
erly, equation (B) becomes 

x-G. (C) 

Each curve invariant to the transformation T reduces, therefore, to a single line, 
if T is singular. 

Example 3. — The invariant curves of the group assjSg, Xip^., x^pi + x^p^ are 
given by the simultaneous differential equations 

dxi dxr^ dx^ 



Cg Xs Cj ajg + CzXx + CgjCg 



(A) 



Integrating, and denoting the constants of integration by K and C, we obtain 
the equations 

e~-^ x^=—.^ xs e"-' (-^ +l) — -^ x^e~'-^ + K, (B) 

C3 N 35g / Cg 

0:3= G . 

For a singular transformation, Cj is infinite of an order higher than Cj . Con- 
sequently, equations (B) reduce to 

e^ — K'x^, 

X3= G, 

from which we obtain 

^ = G'+ 2hni, 
Xa 

Xs— G; 

or Xi = Xs G', X3= G , 

a?! = Kg ( C + 27ti) , ajg = (7, 



Xi=:xs{C' -f- 2mni), X3= C, 
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Consequently, if T is singular, each curve invariant to T consists of an infinite 
number of lines. Moreover, the singular transformation applied to a point p on 
one of these lines (not itself invariant) will convey p from that line to another of 
the system. 

The singular transformation is defined by the equations 

asj = 351 + 2m.7tix3 > 

xi = iVari + x,+ Mx, , (Ni^O) 

X3 = 3*3 . 

This transformation applied to the point {GC, x.,, G) on the line 

Xi = x^ 0", X3 = (7 

will convey that point to the' point ((7(7' + 2mniG, x^, G) which, evidently, is a 
point on the line 

aji = jcg ( (7' + 2»n7ti) , aij = (7. 

Two points, p and pi , of general position on the same smallest invariant 
manifold relative to the group (r^ can always be interchanged by one or more 
transformations of (r,. . In general, each of the transformations by which p and 
Pi can be interchanged, can be generated by an infinitesimal transformation of 
Gr ; in which case I shall say that the points p and p^ can be continuously inter- 
changed by the transformations of this group. But if G,. contains singular trans-r 
formations, it sometimes happens that the points p and pi cannot be interchanged 
by a transformation of Gr that can be generated by an infinitesimal transforma- 
tion of Gr ', and, in this case, I shall say that the points p and pi cannot be con- 
tinuously interchanged. 

If the smallest invariant manifold relative to the r-parameter group (?, is ^■-way 
extended, q'^r, then there are oo'-« transformations of Gy that will interchange 
two points, p and j)i of general position on any invariant manifold relative to G^. 
If r=zq, then there is at least one transformation, and in the case of certain 
groups there may be 00 ^.* If there is but one, and if this transformation is sin- 

*Lie, " Continuerliche Gruppen," p. 483, Lie here states that there is but one transformation if the 
group is simply transitive. But this is not always true, as is shown by the 2nd example below. 

Most of the conclusions and examples which follow have been given by the author in a " Note on 
the Projective Group." Proc. Amer. Acad., vol. XXXIII, p. 493. 
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gular, that is, if this transformation cannot be generated by an infinitesimal 
transformation of Gr,., then, clearly, not all points on each smallest invariant 
manifold can be continuously interchanged. But if there are more transforma- 
tions than one that will interchange two points p and pi of general position, then 
it is by no means certain, when G^ contains singular transformations, that p and 
Pi can be chosen so that all these transformations are singular ; or, if q-<ir, that 
the 00 """^ transformations are singular. In fact, in all cases I have considered, 
this is never possible. It may happen that but one, or all but one, of these 
transformations are singular. In this case the points of general position on any 
smallest invariant manifold can be continuously interchanged by means of the 
transformation of the given group, although the group contain transformations 
that cannot be generated by an infinitesimal transformation of the group. 

Associated with a group (r, with r- parameters is a subgroup Gp with p<r 
parameters of the general linear homogeneous group in r-variables — the adjoined 
of the group (?,.. If these r-variables be considered as Cartesian coordinates, 
then every point in the space, Sr, to which the transformations of Gr are applied, 
represents a transformation of the group O^. On the other hand, if the r-vari- 
ables be considered as homogeneous coordinates, then every point in the space 
Sr^i, to which the transformations of Gp are applied, represents a one-param- 
eter subgroup of Gr. Moreover, two points j? andpi of general position on the 
same smallest invariant manifold in S^ (or Sr_i) relative to Gp, represent trans- 
formations (or one-parameter subgroups) of Gr of the same type. For these points 
can be interchanged by means of one or more transformations of Gp ; and, there- 
fore, the transformations (or one-parameter subgroups) represented by these points, 
may be transformed into each other by means of the transformations of (?,.. If, 
however, the points p and p^ cannot be continuously interchanged, the transforma- 
tions (or one-parameter subgroups) represented by these points, although of the 
same type, are differently related from two transformations (or one-parameter 
subgroup) represented by points in Sr (or Sr-i) that can be continuously inter- 
changed.* 

I have examined all the two- and three-parameter groups enumerated by 
Lie in the " Continuerliche Gruppen," pp. 288 and 519. In each case the 
adjoined group Gp is such that two points of general position on the same 

*Proc. Am. Acad., vol. XXXIII, p. 493. 
12 
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smallest invariant manifold relative to Gp can always be interchanged continu- 
ously, notwithstanding that in certain cases the associated group Gp contains 
singular transformations. I have, therefore, as yet, found no group G,. whose 
transformations (or one-parameter subgroups) of the same type cannot be con- 
tinuously transformed into each other by means of transformations of 6r, ; and it 
seems by no means certain that such groups exist. 

Let S and T be two transformations of the group G^, and let S be trans- 
formed iijto S' by means of the transformation T, that is, let 

TST-^ = S>. 

If T is non-singular, S may be continuously transformed into S' by means of the 
infinitesimal transformation of G^ that generates T. But if T is singular, there 
is no infinitesimal transformation of Gr that generates T. Now, in such group 
as I have examined, T may always be considered as the resultant of two non- 
singular transformations of G^. Let T=: % Ta, in which case 

TST-^ - n Z ST-^ Tr' = S'. 
If, now, Ta is commutative with S, 

% T, ST-' Tr' = T, STr' = S', 

and, therefore, S may be continuously transformed into S' by means of the 
infinitesimal transformation of Gr that generates 75,. In every case examined, 
it is possible to consider T as the resultant of two non-singular transformations 
Ti and Ta, Ta being commutative with the given transformation S. 

The following examples illustrate the effect of the existence of singular 
transforinations among the transformations of a group G^ upon the interchange, 
by transformations of Gr, of points on the same invariant manifold relative 
to Gr. They have been selected from the list given at the end of this paper. 
The third group considered is the adjoined group of a number of three-parameter 
projective groups. 

Example 1. — Consider the two-parameter projective group of the plane 

xq, xp + Zyq. 
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The oo^ of non-singular transformations are defined by the system of equations 



-V' ■ " ■ ^^2 ry* 

y' = -i (e^"' — e"') x + e^"' «/ • 

The group contains singular transformations which are defined by the system of 
equations 

y' = Nx — y. {N4=0) 

Now, a singular transformation T applied to a point p on the line x= -\- G 
will transform p to a point pi on the line x = — G ; and, clearly, there is no 
non-singular transformation T^ among the transformations of the group that has 
the same effect. If the singular transformation T is applied to a point p on the 
special invariant a; = , ^ will be conveyed across the invariant point x = , 
2/ = . But this can be done by a non-singular transformation whose path-curve 
is imaginary ; for this transformation may be effected by the non-singular trans- 
formation 

a;' = — x, 

y' = —y- 

Therefore, two points p and p^ in the plane, that lie on opposite sides of and 
equidistant from the special invariant 03=0, cannot always be interchanged 
among themselves continuously by means of the transformations of the group. 

Example 2. xq, xp-\- q. 

The 00 ^ of non-singular transformations are defined by the equations 

The group contains singular transformations which are defined by the system of 

equations 

a3' = a;, 

'}/:=. Nx -\- y -\- 2m7ti. (iV:^ 0, m an integer zfz o) 
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A 00 ^ of singular transformations applied to a given point p of general position 

on the line a; = (7 will convey that point to a given point p^ of general position 

on the same line. Nevertheless, there is one non-singular transformation T^ that 

will do the same, namely, 

x' = X, 

i/ = cix + y. 

Therefore, two points, p and pi , of general position in the plane, may always be 
continuously interchanged by means of transformations of the given group. 

Example 3. ^sPi, XiPz, «ii?i + ^^Pz- 

The 00* of non-singular transformations are defined by the equations 



x'l = e"" 0^1 , 



Cl 






Xs — Xg , 



and the oo * of singular transformation are defined by the equations 



xi = Xi, 



xi = MXi + Xi + Nxs , {^4=0) 



SCs = X3. 



A OO ^ of the singular transformations will convey a given point p of general 
position on the line xi=: + C, Xs==k, to a given point ^j of general position on 
the linea;i= — G, X3 = k. Nevertheless, we can find one non-singular trans- 
formation that will do the same, namely. 



xi = 


— Xi, 




4 = 


Axi + 


Xs 


4 = 


X3. 





For clearly, by a proper choice of A, this transformation T^ has the same effect 
when applied to a given point as the singular transformation T for any given 
values of if and N (N^O). 

Example 4. Xsi'i- ^sPz- XiPi+ ^^zPst- 
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The 00 ^ of non-singular transformations are defined by the equations 



C: 



3 



x', = e^'«, + ^{e"^'-l)x,, 



^s = «3 • 



The 00 ^ of singular transformations are defined by the equations 

x[ = — a^i + Mxs , 

«» = asa + -Mca . (-^tI^ 0) 

By means of a singular transformation T a given point p of general position 
on the plane »3 = fc can be transformed into a given point pi of general position 
in that plane. But it is easily seen that c^, Cg, and Cg can be chosen in oo ^ of 
ways so that the transformation T^ will produce the same effect. 

Example 5. ^si'ii Xz!P%, ^^iPz + ^^zP^ + x^Pa. 

The oo ^ of non-singular transformations are defined by the equations 

x'l = ^' Wi + — (e^» — e"') xs , 

x^^e'^Xs. 
The 00 ^ of singular transformations are defined by the equations 

Xi = 031 + Mxg , 
Xg ^^ Xg • 

The singular transformation T, if we regard Xi, x^, xg as Cartesian coordi- 
nates, will convey a given point p of general position in the plane ccg = + C7 to a 
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point p-i on the plane 0:3 = — G; and, clearly, there is no other transformation 
of the group that will do the same. The points on the special invariant Xj = 
can be continuously interchanged, for the transformation effected by T can also 
be effected by the non-singular transformation 

a;( = a3i + Ax^, 

Xs = — ajg. 

Therefore, in this group, points on opposite sides of, and equidistant from, the 
the special invariant plane 033-=: cannot all be interchanged continuously among 
themselves. 

The following groups enumerated by Lie on pp. 288 and 519 of his "Contin- 
uerliche Gruppen " are not properly continuous except in the neighborhood of 
the identical transformation.* 



2. 


p + xq, xp+ 2yq 




p 


, q, xp + {y—x)q 




p^ 


q, {a—l)xp + ayq 




q, yq-{-p 



q, xq, p + yq 



xq, xp — yq, yp 



q, xq, xp -\- ayq 



xq, xp -\- q 



xq, xp-\- ayq (a^O , 1) 



a^sPs, scaPi + Xip^, x^p^ — x^p^ + ^U 



^sPi, «^sPi+ ^. XiPi + l3U 



Xsps, X1P2, XaPi + Xzp^ + (3U 



^SPS> X1P2+ ^, XiPi-^XiPs + ^U 



•Of. Proo. Am. Acad., vol. XXXIII, p. 493. 
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a^si*!. 


a^3P2. «:iPi+XiP2+x^Pi+l3U 




X1P2, XiPi — X^Pi, x^pi 




^sPi, 


XsP2, axipi + /3a-8_pa + yXgPs 




XsPi, 


Xip^, axiPi + ^x^p^i + yxgPs 




iCj 


Pz, XiPi + aU, x^Pz + ^U 



^sPz 


, XsPi + X^Ps, U 




XiPa 


, X1P1 + XsPi, U 




^sP-i, 


axiPi + (3x^p^, U 




^sPs, 


«sPl + XzPi+ ^U 




^1P%, 


XiPi + Xsp, + (:^U 



Xap^, axipi + ^x^pi + yxsPs 



